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Abstract-In this note, we first prove existence theorems for noncompact generalized quasi- 
variational inequalities. As applications, two fixed point theorems for upper or lower semicontinuous 
multivalued mappings without compact domains are given in locally Hausdorff topological vector 
spaces. These results generalize or improve corresponding results in the literature. 
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1. INTRODUCTION 
In 1982, for the study of operation research, mathematical programming, and optimization theory, 
Chan and Pang [l] first introduced the so-called generalized quasi-variational inequalities in finite 
dimensional Euclidean spaces. Chan and Pang’s generalized quasi-variational inequalities can be 
illustrated as follows. 
Let N and R denote the set of all natural numbers and the set of all real numbers, respectively. 
Let X be a nonempty subset of RF, where n E W. Let A : X + 2x and B : X + 2w”. The 
generalized quasi-variational problem associated with A and B (briefly, denoted by GQVI (X; 
A; B) here) is to find (?,ti) E X x Iw” such that i E A(?), 6 E B(5), and su~,,~(~)(fi,? - y) 5 0. 
The existence theorem of Chan and Pang [l] is stated as follows. 
THEOREM A. Let X be a nonempty compact convex subset of IWn and A : X + 2x and 
B:X-+2 ‘” \ (8) be set-valued mappings such that A(z) is compact convex and B(z) is 
contractible and compact for each x E X. Moreover assume that A is continuous and B is upper 
semicontinuous. Then, GQVI(X; A; B) has at least one solution. 
Since Chan and Pang [l] gave an existence theorem of GQVI in finite dimensional spaces, 
there have been a number of generalizations of the existence theorems about GQVI (X; A; B), 
e.g., see [2-B] and references therein. These results enable people to give wide applications to the 
problems in game theory and economics and mathematical programming (e.g., see [1,4,9-121, and 
reference therein). All of the existence theorems mentioned above, however, are obtained upon 
compact sets, in finite dimensional spaces or infinite dimensional locally convex Hausdorff topo- 
logical vector spaces, and both A and B are either continuous or upper (lower) semicontinuous. 
However, in economic and game applications, it is known that the choice space (respectively, the 
space of feasible allocations) generally is not compact in any topology of the choice space (even 
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though it is closed and bounded), a key situation in infinite dimensional topological vector spaces. 
This motivates our work in this note to give existence theorems on generalized quasi-variational 
inequalities by relaxing the compactness conditions and the continuity. Recently, Ricceri [13] gave 
some interesting existence theorems of generalized variational inequalities in which the domains 
are not compact in Hausdorff topological vector spaces. Cubiotti [2] also gave an existence theo- 
rem of solutions for generalized quasi-variational inequalities in finite dimensional spaces. On the 
other hand, since Fan [14] and Glicksberg [15] gave a fixed point theorem of upper semicontinuous 
mapping with nonempty closed convex values which was a remarkable generalization of Kakutani 
fixed point theorem, there are a lot of generalizations and applications, e.g., see [9,10,12,15,16]. 
In particular, some fixed point theorems of lower semicontinuous multivalued mappings are also 
given by Ricceri [17] and Cubiotti [18] in Banach space. But, most of these results are given 
under the assumption that the domains are compact and convex or image range is included in a 
compact subset. 
In this note, we shall give some noncompact existence theorems of generalized quasi-variational 
inequalities, that is, the domain set X is a convex subset of infinite (or finite) dimensional locally 
convex Hausdorff topological vector space E instead of compact convex; second, the mapping A 
may not be continuous and B may not have continuity property. As applications, two fixed point 
theorems for upper or lower semicontinuous multivalued mappings without compact domains 
are given in locally Hausdorff topological vector spaces. These results generalize and improve 
many well-known results in the literature, i.e., [1,4-10,14,15]. In particular, our new fixed point 
theorems improve the well-known Fan-Glicksberg fixed point theorem. 
Now we recall and introduce some notations. Let E be a vector space and A c E. We shall 
denote by coA the convex hull of A. If A is a subset of a topological space X, the interior of A 
in X is denoted by intxA and the closure of A in X is denoted by clxA or simply CIA if there is 
no ambiguity. Let X and Y be two topological spaces and a mapping F : X -+ 2y. Then, 
(1) 2x is the family of all subsets of X; 
(2) the graph of F, denoted by graph F, is the set {(x, y) E X x Y : y E F(z)}; 
(3) F is said to have an open graph if graph F is open in X x Y; 
(4) the mapping F : X --t 2 y is defined by F(z) = {y E Y : (2, y) E clxxy graph F} for each 
x E x; 
(5) F is said to be lower semicontinuous (respectively, upper semicontinuous) if for each closed 
(respectively, open) subset C of Y, the set {x E X : F(z) c C} is closed (respectively, 
open) in X; 
(6) F is said to have open lower sections if F-‘(y) := {x E X : y E F(z)} is open for each 
y E Y; and 
(7) F is said to be compact if for each x E X, there exists a neighborhood V, at x in X such 
that F(V,) := UzEvz F(z) is relatively compact in Y. 
If X is a subset of a topological vector space E, the set X is said to the have property (K) if 
for every compact subset B of X, the convex hull of B is relatively compact in X. Let E be 
a topological vector space and E* the dual space of E which consists of all continuous linear 
functionals on E. The real part of pairing between E* and E is denoted by Re(zu,x) for each 
w E E* and x E E. 
Let X be a topological space, Y be a nonempty subset of a vector space E, 0 : X -+ E a 
(single-valued) map, and 4 : X + 2y be a correspondence. Then, 
(1) 4 is said to be of class LO (see [19,20]) if for every x E X, COG c Y and 0(x) $! co@(x) 
and for each y E Y, 4-‘(y) = {Z E X : y E 4(x)} is open in X; 
(2) a correspondence & : X -+ 2 y is said to be an Lo-majorant of r$ at x E X if there exists 
an open neighborhood N, of x in X such that 
(a) for each z E N,, 4(z) c q&(z) and e(z) 6 co@,(z), 
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(b) for each z E X, co@,(z) c Y; and 
(c) for each y E Y, 4,‘(y) is open in X; 
(3) 4 is Lo-majorized if for each 5 E X with 4(x) # 0, there exists an Lo-majorant of C$ at 
x in X. We shall only deal with the case that X = Y and is a nonempty convex subset 
of a topological vector space and 0 = I X, the identity map on X. In this note, we shall 
write L in place of Le. 
2. SOME LEMMAS 
We first need the following fact. 
LEMMA 2.1. Let S be a topological space and 4 : S + 2R” be a map with convex values. 
Suppose 4 is lower semicontinuous at some 20 E S and B(yo, t) C 4(x0) where B(yo, t) is the 
open ball of positive radius t centered at 1~0. Then for any number r with 0 < r < t, there exists 
a neighborhood UO of 50 such that B(yo,r) c 4(x:) for all x E UO. 
PROOF. See [2, Proposition 3] or [21, Lemma 2.31. I 
The following result can be found in [22]; for completeness, we shall include its proof. 
LEMMA 2.2. Let X be a nonempty subset of a topological vector space E and the mapping 
B : X -+ 2E* have nonempty compact values such that the set {x E X : inf,,BcZ) Re(u,w) > 0) 
is open in X for each w E X - X. Then the mapping P : X + 2* defined by P(x) = {y E X : 
i&B(,) Re(qx-y) >O}f or each x E X is lower semicontinuous with open convex values. In 
particular, if E is a finite dimensional space, the mapping P has an open graph. 
PROOF. For each x E X, since B(s) is nonempty compact, it follows that the function 1c, : 
E + R U (-00, +co} defined by $(y) = inf,,BcZ) Re(u, x - y) for each y E E is continuous. 
Therefore, P(x) is open. Now we wish to prove that P is lower semicontinuous. For each 
nonempty open subset U in X, suppose y E P(z) n U, this means infuEB(Z)(u,x - y) > 0. Let 
N(x) = {x’ E X : inf,EB(zl) (u, x - y) > 0). Then N(x) is a nonempty open neighborhood of x 
in X by the hypoth.esis and V(x) := N(x) n [(x - y) + U] is a nonempty open neighborhood of 
x. For any x’ E V(z), there exists y’ E U such that y’ = x’ - (x - y), and inf,,B(s,) (u, x’ - y’) = 
infuEB(zt)(q x - y) > 0. Hence for each 2’ E V(x), there exists y’ E U such that y’ E P(x’); 
that is, P(d) n U # 0 for all x’ E V(x). Thus P is lower semicontinuous with open values. In 
particular, if E is a finite dimensional space IWn, where n E N, P(x) is lower semicontinuous with 
open and convex values. So that the graph of P is open in X x IWn by Lemma 2.1. I 
REMARK. In Lemma 2.2, if the topological vector space E is a Frechet space (complete metrizable 
space) and the mapping B : X ---f 2E* has nonempty bounded values. Then for each fixed 
x E X, the function q!~, : E -+ JR U {-co, +oo} defined by $,(y) = infzlEBcz) Re(u, x - y) 
for each y E E is concave and upper semicontinuous. Note that the domain of $, is that 
{y E E : -co < q&.(y) < +co} = E. By Proposition 4 [9, p. 931, the function 111 is continuous. 
Therefore by the proof of Lemma 2.2, the conclusion of Lemma 2.2 is still true if E is a Frechet 
space and provided that the mapping B has nonempty bounded values instead of having nonempty 
compact values. 
LEMMA 2.3. Let X be a nonempty paracompact convex subset of a locally convex Hausdorff 
topological vector space E and A, P : X --+ 2” be such that 
(i) A is lower semicontinuous with closed graph, and A(x) is nonempty convex for each x E X; 
(ii) A f~ P is L-majorized; 
(iii) the set D = {x E X : (An P)(x) # 0) is open in X; and 
(iv) there exist a nonempty compact convex subset X0 of X and a nonempty compact subset 
K of X such that for each y E X \ K, with co(X0 U {y}) n co(A(y) n P(y)) # 0. 
Then there exists a point 2 E K such that 2 E A(x) and A(2) n P(2) = 8. 
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PROOF. Let I = (1) in Theorem 4.1 [20] ( see also [19, Theorem 3.31). The conclusion follows. 1 
LEMMA 2.4. Let X be a nonempty paracompact closed convex subset of a locally convex Haus- 
dorff topological vector space E such that X has the property (K). Suppose that A, P : X + 2x 
sat&@ that 
(i) A : X + 2 x is compact and upper semicontinuous with nonempty compact convex values; 
(ii) P : X --+ 2x is lower semicontinuous and L-majorized; 
(iii) D = {z E X : (A fl P)(z) # 0) is open in X; 
(iv) there exist a nonempty compact convex subset X0 of X and a nonempty compact subset 
K ofX such that for each 3: E X\K there is an y E co(XoU(z}) with y E co(A(z)flP(z)). 
Then there exists z E K such that 5 E A(?) and A(%) fl P(Z) = 0. 
PROOF. Note that A is upper semicontinuous with nonempty convex compact values, so that A 
has a closed graph. Let I = (1) in Theorem 5.3 [20]. The conclusion follows from Theorem 5.3 
in [20]. I 
3. NONCOMPACT GENERALIZED 
QUASI-VARIATIONAL INEQUALITIES 
In this section, we shall give several existence theorems for noncompact generalized quasi- 
variational inequalities in infinite dimensional locally convex spaces and finite dimensional spaces. 
In order to give the existence theorems of GQVI, we first have the following theorem. 
THEOREM 3.1. Let X be a nonempty paracompact convex subset of a locally convex Hausdorff 
topology vector space E and there exist nonempty compact set K in E and nonempty compact 
convex subset X0 of X such that 
(i) the mapping A : X + 2 x is lower semicontinuous with closed graph, and A(z) is nonempty 
convex for each x E X; 
(ii) the mapping B : X + 2E’ \ (0) has nonempty compact values such that the set {z E 
X : i&B(,) h( u, z - y) > 0) is open in X for each fixed y E X, and B(z) is compact 
convex for z E K with z E A(z); 
(iii) the set {z E X~up~~~(~) inf,EB(,) Re(u,z - y) > 0) is open in X; 
(iv) for each z E X \ K, there exists y E A(z) n co(Xo U {z)) with infuEBtz)(u, z - y) > 0. 
Then there exist an i E K with f E A(Z) and ii E B(i) such that sup,,,(,) R.e(ti, j. - y) 5 0. 
PROOF. Define a mapping P : X ---) 2x by P(z) = {y E X : infuE+) Re(u,z - y) > 0) for 
each z E X. Then z $8 P(z), and P(s) has open convex values for each z E X, since for each 
fixed z E X, y H inf,,B(,) Re(u, z - y) is continuous. For each y E X, P-‘(y) = {z E X : 
infuEBtz) Re(u,z - y) > 0) is open in X by (ii). Therefore P is of class L, so that the mapping 
A n P is L-majorized. 
Note that D = {z E X : A(z) n P(z) # 0) = {z E X : suPyEA infuEZ3(z) ~(& z - ?d > 0) 
is open by (iii). Therefore, all conditions of Lemma 2.3 are satisfied. By Lemma 2.3, there 
exists f E K such that 2 E A($) and A(i) n P(i) = 0. By the definition of P, we have that 
suPyEA infuCB(i.) R.e(u,? - y) 5 0. Note that B(g) is a nonempty compact and convex subset 
by hypothesis (ii), using the Kneser minimax theorem [23], there exists 4 E B(2) such that 
sup Re(i,* - y) = inf sup R&,2 - y) = sup inf Re(z,f - y) I 0, 
v‘=(P) uEB(*) yEA USA uEB(*) 
which completes the proof. I 
In what follows, we shall consider the existence of solutions for noncompact generalized quasi- 
variational inequalities in which the mapping A is upper semicontinuous instead of being lower 
semicontinuous. 
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THEOREM 3.2. Let X be a nonempty paracompact closed convex subset of a locally convex 
Hausdorff topological vector space E such that X has the property (K). Suppose that 
(i) the mapping A : X -+ 2x ’ 1s compact and upper semicontinuous with nonempty compact 
convex values; 
(ii) the mapping B : X --+ 2E* \ (0) is such that {CC E X : inf,,B(,) Re(u, z - y) > 0} is open 
in X, and B(z) is compact convex for each z E K with 2 E A(s); 
(iii) the set {CC (E X : supyEA inf,,B(,) Re(u, z - y) > 0) is open in X; and 
(iv) there exists a nonempty compact convex subset X0 of X and a nonempty compact subset 
K of X such that for each x E X \ K, one has 
inf Re(u,x - y) > 0. 
y~A(s)n::Xo”{s)) uEB(s) 
Then there exist 5 E K with 2 E A(2) and ti E B(2) such that SUP,~~(*~ Re(C.,? - y) < 0. 
PROOF. Define a mapping P : X + 2x by P(x) = {y E X : inf,,B(%) Re(zl,x - y) > 0} 
for each x E X. Then P(x) is convex and x $! P(x) for each x E X. Note that P-‘(y) = 
{x E X : inf,,B(,) Re(u,x - y) > 0) is open in X by (ii) for each y E X. Therefore, P is 
of class L (so that lower semicontinuous). Let D = {x E X : A(x) IT P(x) # 0). Since D = 
lx E x : SUPy~A(z) infUEBcr) Re(u,z - y) > 0) is open in X by (iii), so that A and P satisfy 
all conditions of Lemma 2.4. By Lemma 2.4, there exists i E K such that ? E A(i) and 
A(2) CI P(2) = 8, i.e., 2 E A(2) and sup,&A(*) inf,,B(?) Re(u, 9 - y) 5 0. Since B(2) is nonempty 
compact and convex by (ii), employing the Kneser minimax theorem [23], there exists G E B(k) 
such that supYEA Re(i, 2-y) = inf,,B(?) supyEA Re(u, 2-y) = supVEA@) inf,,B(j.j Re(u, i- 
Y) < O. I 
We observe that, in Theorem 3.2, the interaction between the mappings A and B (namely, the 
condition (ii) and (iii)) can be achieved by imposing additional continuity of mappings A and B. 
When X is bounded and the mapping B is upper semicontinuous in Theorem 3.2, condition (ii) 
of Theorem 3.2 is satisfied automatically. Thus, Theorem 3.2 is a noncompact generalization 
of Theorem 3 [6, p. 3401. Al so if X is compact, Theorem 7 [8, p. 592-5931 is an immediate 
consequence of Theorem 3.2. For more details, we refer to [22]. 
It is easy to see that Theorem 3.2 also improves Theorem 6.1 [4, p. 1961 (see also [l]) in several 
aspects. For more applications of (generalized) quasi-variational inequalities in finite dimensional 
spaces in mathematical economic and game theory and mathematical programming, we refer the 
reader to [g-11] and particularly, [4] and references therein. 
4. FIXED POINT THEOREMS 
In this section, a.s applications of existence theorems of solutions of generalized quasi-variational 
inequalities in Section 3, we shall give fixed point theorems for lower or upper semicontinuous 
mappings in locally convex topological vector spaces. 
THEOREM 4.1. Let X be a nonempty paxacompact convex subset of a locally convex Hausdorff 
topology vector space E and the mapping A : X -+ 2x \ (8) be lower semicontinuous with 
closed graph and such that A(x) is convex for each x E X. Let X0 be a nonempty compact 
convex subset of X and K be a nonempty compact subset of X. Furthermore, suppose that 
there exists a nonempty compact convex subset ZC, of E* such that for each x E X \ K, there 
exists y E A(x) n co(X~ U {x}) with infUEZo (u, x - y) > 0. 
Then, A has a fixed point 2 E K, i.e., f E A(P). Moreover, there exists 6 E Z, such that 
supYEA Re(C, 2 .- y) 5 0. 
PROOF. Define a mapping B : X -t 2E* \ (0) by B(x) = ZO for each x E X. Then it is easy 
to see that B satisfies conditions (ii)-( By our hypotheses of the subset Zo, condition (v) of 
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Theorem 3.1 is also satisfied. Therefore by Theorem 3.1, there exist an i E K with f E A(2) 
and ti E B(P) such that .%&,,A(*) Re(fi,f - y) 5 0. Since B(i) = 20, the conclusion follows. 1 
As an application of Theorem 3.2, we have the following fixed point theorem for upper semi- 
continuous mappings in locally convex vector spaces. 
THEOREM 4.2. Let X be a nonempty paracompact closed convex subset of a locally convex 
Hausdorff topological vector space E such that X has the property (K). Suppose that there 
exists a nonempty compact convex subset 20 of E* such that: 
(a) the mapping A : X + 2 x is compact and upper semicontinuous with nonempty compact 
convex values; 
(b) the set {z E X : sup,EA(t) infUEzo Re(u, 2 - y) > 0) is open in X; and 
(c) there exist a nonempty compact convex subset X0 ofX and a nonempty compact subset K 
of X such that for each x E X \ K, one has 
inf Re(u,a: - y) > 0. 
y~A(s):::Xo”(s)) UEZo 
Then there exist 2 E K with 2 E A(?) and C E 20 such that supVEA($) Re(6,P - y) 5 0. 
PROOF. Define a mapping B : X -+ 2E* \ {S} by B(x) = 2 o f oreachsEX. Thenitiseasyto 
see that all conditions of Theorem 3.2 are satisfied by hypotheses (a), (b), and (c). Therefore by 
Theorem 3.2, there exist f E K with P E A(Z) and ti E B(2) such that supyEA@) Re(G, f -y) 5 0. 
Note that B(i) = 20; the conclusion follows. I 
As an immediate consequence of Theorem 4.2, we have the following Fan-Glicksberg fixed point 
theorem (e.g., see [14,15]). 
COROLLARY 4.3. Let X be a nonempty compact convex subset of a locally convex Hausdorff 
topological vector space E and A : X -+ 2x be upper semicontinuous with nonempty closed 
convex values. Then the mapping A has a fixed point. 
PROOF. Let 20 = (0) in Theorem 4.2. Then all hypotheses of Theorem 4.2 are satisfied. Thus, 
the conclusion follows. I 
Finally, we would like to point out that that our noncompact fixed point Theorems 4.1 and 4.2 
are different from all other noncompact fixed point theorems in the literature. For other kinds 
of fixed point theorems for lower semicontinuous mappings in Banach spaces, the reader may 
consult [17,18]. 
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